Two-parameter quantum vertex representations via finite 
groups and the McKay correspondence 

Naihuan Jing and Honglian Zhang* 

Abstract. We introduce two-parameter quantum toroidal algebras of simply 
laced types and provide their group theoretic realization using finite subgroups 
of 5L2(C) via McKay correspondence. In particular our construction contains 
a realization of the vertex representation of the two-parameter quantum affine 
algebras of ADE types. 



1. Introduction 

In a series papers (FJWll IFJW2] the basic representations of two-toroidal 
Lie algebras and their quantum analogs, including affine Lie algebras and quan- 
tum affine algebras of simply laced types as subaglebras, were constructed from 
representation theory of finite groups of SX 2 (C) via the celebrated McKay corre- 
spondence. Using purely representation theoretic data the Frenkel-Kac |FK| and 
Frenkel- Jing |FJj vertex representations are constructed as a by-product of the uni- 
fied group theoretic constructions from the root lattice of the corresponding finite 
dimensional Lie algebra q. In |J4j we have pointed out that such a uniformed con- 
struction incorporate not only the toroidal Lie algebras, quantum toroidal algebras 
[VVj (see also |J3j ) but also give a general algebraic machinery to realize other 
related algebraic structures. 

In the current paper we provide a two-parameter quantum analog of the toroidal 
Lie algebras of simply laced types using the new form of McKay correspondence. 
In particular this gives a group theoretic realization of the newly revitalized two- 
parameter quantum affine algebras [HRZl [Z] as distinguished subalgebras of our 
new quantum toroidal algebras. As expected, our construction degenerates to the 
quantum affine case by specializing r = s . Through this new construction we 
have also shown that the vertex representation constructed in [HZl [Z] is a natural 
generalization of Frenkel- Jing construction and also reconfirm the two-parameter 
generalization of the usual quantum affine algebras and their Drinfeld realization. 
Our construction further shows that the toroidal version is more suitable and natu- 
ral in this picture and reveal more symmetry in the structure of the two parameter 
quantum toroidal algebras. 
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The new two-parameter quantum toroidal Lie algebras or double affine algebras 
provide a new layer of generalization or quantization. To show the relationships we 
can depict them in the following diagram similar to that given by I. Frenkel earlier. 
Our new algebra adds a new direction of generalization. 




U q (Q) 



U r ,s(j&) 



It is amazing that each vertex in the diagram admits a realization through 
McKay correspondence, and each level of complexity is achieved by replacing the 
finite group r by T x C x and byrxC x xC x . The quantum parameter q and (r, s) 
are respectively represented by special characters on the group C x and C x x C x . 

At the early stage of the development of quantum groups it was already real- 
ized there exist multi-parameter quantum groups [Rj [Tj. Though two-parameter 
cases play an important role in the dual quantum picture, the development of two- 
parameter quantum groups only took a turn after more structures are revealed in 
series of papers of Benkart and Witherspoon [BWll IBW21 IBW3] for type A. 
Shortly after these generalizations to other types are given by Bergeron, Gao and 
Hu [BGHll IBGH21 fBHj |HS] , Recently Hu, Rosso and one of us found the two 
parameter quantum affine algebras of ADE types |HRZ|, [Z] via their vertex rep- 
resentations HZ based on generalized Drinfeld realizations (cf. |J2| ). which are 
two-parameter analog of the Frenkel- Jing representations |FJ] , In all these work 
one realizes that the two-parameter analog, like its one-parameter case, amounts 
to a clever deformation of the natural number n to the two-parameter quantum 
number: 



(1.1) 



's + 



Clearly when rs = 1, the two-parameter quantum number degenerates to the one- 
parameter quantum number. 

As in the previous construction of McKay correspondence and quantum toroidal 
algebras we recover the basic representation of U r ^ s (g) by choosing 

C = 7o ® {{rs^ 1 ^ + (r -1 s)') - tt <g> l c * xC x , 

where 70, lpx x <c x are the trivial characters of T and C x x C x respectively, r and s 
are two independent natural characters of C x , and tt is the natural character of the 
imbedding of T in SL2 (C). The natural appearance of the two parameter quantum 
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toroidal algebra in this picture intrinsically shows its importance in representation 
theory of two parameter quantum affine algebras. 

The paper is organized as follows. Section 2 recalls the basic material of wreath 
products T„ of symmetric groups associated with any finite group and the Hopf 
algebra structures in the representation ring. Section 3 studies the representation 
ring R(T n x C x x C x ) and weighted bilinear forms. Section 4 gives the two- 
parameter McKay weights for each finite subgroup of SL 2 (C). Section 5 defines the 
two-parameter Heiscnberg algebra and realizes its canonical representation using 
group theoretic data out of T. Section 6 gives the Frobenius-type characteristic 
map between i?rxC x xc x an d <Sr x c x xc x - Section 7 realizes the two-parameter 
quantum vertex operators using irreducible characters of T n xC x xC x , and finally in 
Section 8 we introduce two-parameter quantum toroidal algebras and provide their 
realization via McKay correspondence, and in particular this also provides a group 
theoretic realization of the basic representation of the two-parameter quantum affine 
algebras. 

2. Wreath products and vertex representations 

2.1. The wreath product r„. Let T be a finite group and n a non-negative 
integer. The wreath product T n is the semidirect product of the n-th direct product 
r™ = T x • • • x T and the symmetric group S n - 

T„ = {(g, a)\g = (g u g n ) G T n , a G S n } 

with the group multiplication 

(g,a) ■ (h,r) = {ga{h),ar), 

where S n acts on T n by permuting the factors. 

Let T* be the set of conjugacy classes of T consisting of c° = {1}, c 1 , . . . , c l and 
T* be the set of I + 1 irreducible characters: 70, 71, ... , -ft, where 70 is the trivial 
character of T. The order of the centralizer of an element in the conjugacy class c 
is denoted by £ c , so the order of the conjugacy class c is c| = |r|/£ c , where |T| is 
the order of T. 

A partition A = (Ai, A2, . . . , A^) is a decomposition of n = |A| = Ai + • • • + A; 
with nonnegativc integers: Ai > • • • > \g > 1, where t = £(\) is called the length of 
the partition A and Ai are called the parts of A. Another notation for A is 

A= (l mi 2 m2 •••) 

with mi being the multiplicity of parts equal to i in A. Denote by V the set of 
all partitions of integers and by V(S) the set of all partition-valued functions on 
a set S. The weight of a partition-valued function p = (p(s)) se s is defined to be 
\\p\\ = Sses IK 3 )!- We also denote by V n (resp. V n (S)) the subset of V (resp. 
V(S)) of partitions with weight n. 

It is well-known that the conjugacy classes of r n are parameterized by partition- 
valued functions on T*. Let x = (g,<r) G F„, where g — (gi, ■ ■ ■ ,g n ) <= T™ and 
o G S n is presented as a product of disjoint cycles. For each cycle (11I2 ■■■ik) 
of (7, we define the cycle-product element gi k gi k _ 1 ■ ■ ■ gi t G T, which is determined 
up to conjugacy in T by g and the cycle. For any conjugacy class c G T and 
each integer i > 1, the number of z-cycles in a whose cycle-product lies in c will 
be denoted by m^c). This gives rise to a partition p{c) = (i m i( c )2 m2 ( c ) . . .) for 
c G T*. Thus we obtain a partition-valued function p = (p(c)) cG r» G ^(r*) such 
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that ||p|| = c imi(p(c)) = n. This is called the type of the element (g,<j). It is 
known |M| that two elements in the same conjugacy class have the same type and 
there exists a one-to-one correspondence between the sets (T n )* and V n (T*). We 
will say that p is the type of the conjugacy class of T n . 

Given a class c we denote by c _1 the class £ c}. For each p £ V(T*) we 

also associate the partition-valued function 

P= (p(c _1 ))cerv 

Given a partition A = (l" ll 2 m2 . . .), we denote by z\ = Yii>i i mi, nii\ the order 
of the centralizer of an element of cycle type A in S\\\. The order of the centralizcr 
of an element x = (g, a) £ T n of type p = (/?(c)) ce r« is given by 

^=n^ wc)) - 

cer» 

2.2. Grothendieck ring Rrxc x xc y • Let i?z(r) be the Z-lattice generated 
by 7», i = 0, . . . , r, and R(T) — C ® i?z(r) be the space of complex class functions 
on the group T. In the previous work on the McKay correspondence and vertex rep- 
resentations |W|, IFJWlj . the Grothendieck ring Rr = n >o R(F n ) was studied. 
In quantum case, the Grothendieck ring was i?rxC x = ® n >o x C x ) |FJW2j . 
In our two-parameter quantum case we need to add the another ring i?(C x ), the 
space of characters of C x x C x = {(<i, t 2 ) £ C x C|t x , t 2 ^ 0}. 

Let r, s be the irreducible character of C x that sends t to itself. Then i?(C x x 
C x ) is spanned by irreducible multiplicative characters r m s n , m, n € Z, where 

r m (t 1 )=t?, s n (t 2 )=t% h,t 2 £C*. 

Thus i?(C x x C x ) is identified with the ring C[r ±:L , s ], and we have 

R(T x C x x C x ) = R(T) <x>i?(C x x C x ). 

An elements of i?(F x C x x C x ) can be written as a finite sum: 

f = J2fi®r""s n <, / l ei?(r),m 1 ,n,eZ. 

i 

We can also view / as a function on T with values in the ring of Laurent 
polynomials C[r ±1 ,s ±1 ]. In this case we will write f r ' s to indicate the formal 
variables r, s, then / ,%s (c) = fi{c)r mi s ni £ C[r ±1 ,s ±1 ]. As a function on 
r x C x x C x , we have f{c,t u t 2 ) = 

Denote by i?rxc x xc x the following direct sum: 

i?rxcxxcx =0i?(r„xC x xC x )~R r ®C[r ±1 ,s ±1 ]. 

n>0 

2.3. Hopf algebra structure on i?rxc x xc x • The multiplication m in C x x 
C x and the diagonal map C x x C x — : > C x xC x xC x xC x induce the Hopf algebra 
structure on i?(C x x C x ). 

(2.1) 

m C x xC x : i?(C x xC x )(8)i?(C x xC x ) -=+ i?(C x xC x xC x xC x ) i?(C x xC x ), 
(2.2) 

A C x xC x :i?(C x ) ^i?(C x xC x ) ^i?(C x )®i?(C x ). 
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In terms of the basis {r m s n } we have 

r mi s "l . r ™2 g n 2 _ r .m 1 +m 2 s n 1 +n 2 

A{r m s n ) =r m s n ®r m s n , 

where we abbreviate A C x X £x by A and follow the convention of writing a ■ b — 

m C x xC x(a<E)b). 

The antipode Sc* xC* an d the counit ec>< xC x are given by 

*C x xcn r s )—r s , £c x xc x l r s ) — o m -n,0- 

We extend the Hopf algebra structures on i?(C x xC x ) and i?r into a Hopf 
algebra structure on i?rxc x xc x using a standard procedure in Hopf algebra [A] . 
The multiplication and comultiplication are given by the respective composition of 
the following maps: 

to : i?(r n xC x xC x ) ® i?(r m xC x xC x ) -=-> i?(r n xC x xC x x T m xC x xC x ) 

(2.3) 10 "^ x i?(r„xr m xC x xC x ) / ^ 1 i?(r„ +m xC x xC x ); 
A : i?(r„xC x xC x ) W ®^ =0 i?(r n _ m x r m xC x xC x ) 

1®AcXx CX =oR{r ^ m x rmXC x xC x xC x xC x } 

(2.4) ^®^ = 0fi(rn-rnXC X xC X )(»i?(r m xC X xC X ), 

where we have used the identification of i?(C x x C x ) with i?(C x ) ® i?(C x ) in 
(|2.HI2.2[) . Also Ind : R(T n x T m ) — > i?(r„ +m ) denotes the induction functor and 
.Res : i?(r„) — ► i?(r„_ m x T m ) denotes the restriction functor. 
The antipode is given by 

S(f( 9 , {um))) = f(g-\ (tl 1 ,^ 1 )), g G I\f G C x xC x . 

In particular, S'(7)(c) = 7(c~ 1 ) for 7 e T* . As we mentioned earlier, we may write 

/ G -RrxC* xC x as 

i 

Then S(f r > s )(g) = /*(3~>~ mi s"" 1 ■ 
The counit e is defined by 

e(i?(r„xC x xC x )) =0, if n^O, 

and e on i?(C x xC x ) is the counit of the Hopf algebra i?(C x xC x ). 

3. A weighted bilinear form on i?(r„xC x xC x ) 

3.1. A standard bilinear form on i?rxC x xc x - Let /, g G i?rxc x xC x with 
/ = Ei /* ® r m 's™» and 3 = E, ft ® r fe *A The C^ 1 , s ±1 ]-valued standard C- 
bilincar form on i?rxc x xc x i s defined as 

i,j cer, 
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where we recall that c _1 denotes the conjugacy class {x _1 |a; £ c} of T, and C, c is the 
order of the centralizer of the class c in T. Sometimes we will also view the bilinear 
form as a function of (t%, t 2 ) £ C x xC x : 

(f,9) r r s (h,t 2 )= Cc 1 f(cAtut 2 ))S(g(c,(ti,t2))). 
cer, 

The following is a direct consequence of the orthogonality of irreducible char- 
acters of r. 

(^®r m s n , l3 ®r k s l ) r r s = fyr"* - **" - '* 

(3.1) J2 7(c')^(7)(c) = 5c.c<c, c,c'er,. 

Let ( , )p; be the C[r ±1 , s ±1 ]-valued bilinear form on i?(L„xC x xC x ). The 
C[r ±:L , s ±1 ]-valued standard bilinear form in RrxC* x<c x 1S defined in terms of the 
bilinear form on i?(r„xC x xC x ) as follows: 

n>0 

where u = J2 n u « an< ^ v = v n with u n , v n £ R(T n xC x xC x ). 

3.2. A weighted bilinear form on i?rxc x xC x • A class function £ £ i?rxC x xc x 
is called self-dual if for all x £ T, t 2 ) £ C x xC x 

£(x,(t u t 2 )) =S(C(s,(ti,*a))), 

or equivalently £ r,s (x) = £ r ' s (a; -1 )- 

We fix a self-dual class function £. The tensor product of two representations 
7 and /3 in A'| \ : xC x ) w iU be denoted by 7 * /?. 

Let ay £ C[r ±:L , s ±:L ] be the (virtual) multiplicity of 7 3 in £ * 7^, i.e., 

r 

(3.2) = ^ay7j. 

j'=o 

We denote by A r,s the n x n matrix (ay)o<i,j<n-i- 

Associated to £ we introduce the following weighted bilinear form 

(/, g)l' s = (€ * f, g)r S ' f> 9 e i?rxc x xc x • 

where we use the superscript r s to indicate the r, s-dependence. The superscript r s 
is often omitted if the r, s-variable in characters / and g is clear from the context. 
The explicit formula of the bilinear form is given as follows. 



(3.3) = ^c^w-w^'V 1 ). 

which is the average of the character £, * f *~g over T. 
The self-duality of £ together with ()3.3|) implies that 



i.e. A rs is a hermitian-like matrix with the bar action given by r = s,s = r. 
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The orthogonality (|3.1|) implies that 

(3.4) aij = (7i,7j>J' S - 

Remark 3.1. If £ is the trivial character 70, then the weighted bilinear form 
becomes the standard one on i?rxC x xC x ■ 

3.3. A weighted bilinear form on i?(r n xC x xC x ). Let V be a TxC x xC x - 
module which affords a character 7 in i?pxc x xc x ■ We can decompose V as follows: 

i 

where Vi is a (virtual) T-module in R(T) and C(fc,,ij) is the one dimensional 
C x xC x -module afforded by the character r ki s li . 

The n-th outer tensor product V® n of V can be regarded naturally as a rep- 
resentation of the wreath product (rxC x xC x )„ via permutation of the factors 
and the usual direct product action. More precisely, note that TxC x xC x can be 
viewed as a subgroup of (rxC x xC x )„ by the diagonal inclusion from C x xC x to 
(C x xC x ) n : 

r„ x c x xc x — > (r n x c x xc x ") x s n = (r x c x xc x )„. 

This provides a natural T n x C x xC x -module structure on V® n . We denote its 
character by 7771(7). Explicitly we have 

(3.5) (g,a, (h,t 2 )).(vi <8> • ■ -(Z>v n ) = (g 1} (<i, t 2 ))v a -i( 1 ) ® ■ ■ (ti,h))v a -^(n), 

where g = (g lt . ..,g n ) S T n . 

Let e„ be the (1-dimensional) sign representation of r n so that T n acts trivially 
while letting S n act as a sign representation. We denote by e n (7) € i?(r„xC x xC x ) 
the character of the tensor product of e n <S> 1 and V® n . 

The weighted bilinear form on i?(L„xC x xC x ) is now defined by 

(f'9)ZL = (vn(0*Lg) r r:, f,g e fl(r n xC*xC*). 

We shall see in Corollarv l6.4l that ?7 n (^) is self-dual if the class function £ is invariant 
under the antipode S. In such a case the matrix of the bilinear form ( , )p s is equal 
to its adjoint (transpose and bar action). 

We can naturally extend r\ n to a map from R(T) ® r" l s™ to i?rxc x xC x as 
follows. In particular, if /3 and 7 are characters of representations V and W of T 
respectively, then 

rin{f3® r m s n + 7®rV) 

n 

(3.6) = E /nd rL X !x^ x xcx xr m xc x xc x [Vn-miP ® r m S ") ® ^(7 ® rV)], 

771=0 

?7„(/3 «>r m s n -70 r fc s ! ) 

n 

(3.7) - £ (-l) w MvS xc x xr mXC x x C x fo»-mG9 ® r m s») ® e TO ( 7 ® rV)]. 

771=0 

On i?rxC x xC x = ©„ i?(r n xC x xC x ) the weighted bilinear form is given by 

7l>0 

where u = J2 n Un an< ^ v = J2 n Vn w ^ n u n,v n G i?(r n xC x xC x ). 
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The bilinear form ( , } r ^ s on -Rrxc x xC x i s C-bilinear and takes values in 
C[r ,s ]. When n = 1, it reduces to the weighted bilinear form defined on 

°rxc x xc x • 

We will often omit the superscript rs and use the notation ( , }^ for the 
weighted bilinear form on i?rxc x xc x • 

4. Two-parameter quantum McKay weights 

4.1. Two-parameter quantum McKay correspondence. Let di — 7i(c°) 
be the dimension of the irreducible representation of T corresponding to the char- 
acter 7j. 

The following generalizes a result of McKay |Mc] . 

Proposition 4.1. For each class ceT, the column vector 

v(c) = (70(c), 71 (c), . . . ,7„_i(c))' 

is an eigenvector of the n x n-matrix A rs — {{7i,7j)c s ) wii/i eigenvalue £ r ' s (c). In 
particular (do,d\, . . . ,d n -i) is an eigenvector of A r,s with eigenvalue £ r ' s (c°). 

Proof. We compute directly that 



i>i,7fc>?"7fc(c)=X; E C c 7 1 r s (c')7,(c')7 fc ( C '" 1 )7 fc (c) 
fc e'er, 

= E c^r^cO^^oE^^" 1 )^^) 

e'er, fe 

= E C c 7 1 r S (c')7,(c')Ce<5 C e' 



fc=o k e'er, 



e'er, 

r' s (c) 7 ,(c). 



□ 



Let 7r be an irreducible faithful representation n of T of dimension d. For each 
integer n we define the r, s- integer [n] that can be viewed as a character of C x xC x 

by 

n _ n 

(4.1) [n] = — = r"- 1 + r n - 2 s + ■■■ + rs"" 2 + s"" 1 . 

r — s 

We take the following special class function 

(4.2) £ = 70 ®[d](rs)-% -7r®l C x xC x, 

where we have also used the symbol 7r for the corresponding character, and l C x x px = 
r°s° is the trivial character of C x xC x . 

Similar to one-parameter quantum case, we have the following fact (cf. |FJW2j ) . 



Proposition 4.2. The weighted bilinear form associated to * s non-degenerate. 
If 7r is an embedding of T into SUd and t ^ 1 is a nonnegative real number, then 
the weighted bilinear form evaluated on t is positive definite. 

Remark 4.3. The matrix A 1,1 is integral, and the entries of A r ' s are the 
r, s-numbers of the corresponding entries in A ' 1 when r > 2. 
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4.2. Two quantum McKay weights. Let T is a finite subgroup of SU2 and 
we introduce the first distinguished self-dual class function 

£ = 7o ® {{rs- 1 )? + (r -1 s)*) - tt ® l c » xc , 

where 7r is the character of the embedding of T in SL^- 

The matrix of the weighted bilinear form ( , )^ (cf. (13. 4|) ) has the following 
entries: 



(4.3) 



(rs 1 )2+(r 1 s)2, if z = 7, 



In particular when r = s = 1 the matrix (et*j 1 ) coincides with the extended 
Cartan matrix of ADE type according to the five classes of finite subgroups of 
SU2' the cyclic, binary dihedral, tetrahedral, octahedral, and icosahedral groups. 
McKay |Mc] gave a direct correspondence between a finite subgroup of SU2 and the 
affine Dynkin diagram D of ADE type. Each irreducible character 7, corresponds 
to a vertex of D, and the number of edges between 7$ and jj (i 7^ j) is equal to 
KTijTj)^' I) where (7i,7j)^' = ajj are the entries of matrix A 11 of the weighted 
bilinear form ( , For this reason we will call our matrix A T ' S = (ay) — 

{{lii lj) e' S ) the quantum Cartan matrix. 

5. Two-parameter quantum Heisenberg algebras and r„ 

5.1. Two-parameter Heisenberg algebra f)r,£- Let f)r,{ be the infinite di- 
mensional Heisenberg algebra over Cfr* 1 , s* 1 ] , associated with T and £ £ RrxC x xC x i 
with generators a m (c),c € r*,m G Z and a central element C subject to the fol- 
lowing commutation relations: 

(5.1) [a m (c~ 1 ),a n ((/)] = mS m ^ n d CtC i( c £ r m tS m(c)C, c,c'er,. 
For to G Z, 7 G r* and k, I S Z we define 

a m (7®rV) = £ C^M^s™' 

and then extend it to i?rxC x xc x linearly over C. Thus we have for 7 € i?rxC x xc x 

(5.2) 0m(7) = C 1 7r m , s ™(c)a m (c). 

cer, 

In particular we have a m (7 (g>r k s l ) — a m (-f)r mk s ml . 

It follows immediately from the orthogonality (|3.1|) of the irreducible characters 
of r that for each ceT, 

fl m(c) = S (l( C )) a m{l)- 

Note that this formula is also valid if the summation runs through T* <E> r k s l with 
a fixed k and I, 

Proposition 5.1. The Heisenberg algebra f)r,£ has a new basis given by 0^(7) 
and C (n 6 Z, 7 G T*J over C[r ±:L , s ±:L ] wit/i i/ie following relations: 

(5.3) [a m (7),a„(7')] = m5 m - n (j,^')l ' s C. 
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Proof. This is proved by a direct computation using Eqns. ()5.1|) . (|3.3|) and 

(EH). 

[a m (7),a„( 7 ')] - ]T C^S^bVMM^Mc')] 

cc'er, 

= mS m - n 2J C 1 Cc~ 1 7( c )7'(c')^c-i, c 'CcCr m , S '»(c)C 
c,c'er» 

cer, 

□ 

5.2. Action of f)r.£ on the Space <SrxC x xC x - Let 5 , r x c x xC x be the sym- 
metric algebra generated by a^ n (j),n G N, 7 G T* over C[r , s ]. We define 
»-n( 7 <3 r k s l ) — a^ n (^)r^ kn s~ ln and the natural degree operator on the space 

<Srx<c x xc x by 

deg(a- n (j<g>r k s 1 )) = n 
which makes SrxC x xc x a Z + -graded algebra. 

The space SrxC x X( C X affords a natural realization of the Heisenberg algebra t)r,£ 
with (7 = 1. Since a_„(7 (g> r fc s ( ) = r~ nk s~ nl a- n (~{) , it is enough to describe the 
action for a_„(7). The central element C acts as the identity operator. For n > 0, 
a -n(7) act as multiplication operators on «SrxC x xC x - The element a n {^),n > 
acts as a differential operator through contraction: 

a„(7).a_„ 1 (ai)a„„ 2 (a 2 ) . . .a^ nk (a k ) 
= YH=i{'Y> a i)l ' S a_ ni (ai)a_„ 2 (a 2 ) ■ • -a- ni {ai) . . . a_„ fc (a fc ). 
Here rii > 0,cti G i?(r) for i = l,...,k, and d_ ni (aj) means the very term is 
deleted. In this case Sr x c x xC x is an irreducible representation of t)r,e, with the 
unit 1 as the highest weight vector. 

5.3. The bilinear form on S'rxc x xc x • As a [)r,{-module, the space S , r x c x xC x 
admits a bilinear form ( , )i over C[r ±:L , s ±:L ] characterized by 

<i,i)e = 1 - 

(5.4) (au, v)'/: = (u, a*v)^ a G f)r,£, 
with the adjoint map * on t)r,<; given by 

(5.5) a n (j <E>r k s 1 )* = a^ n (j <E>r k s l ), n G Z. 

Note that the adjoint map * is a C-linear anti-homomorphism of l)r,£, and r* = 
r, s* = s. We still use the same symbol * to denote the hermitian-like dual, since 
it clearly generalizes the *-action on the deformed Cartan matrix (??). 
For any partition A = (Ai, A2, . . . ) and 7 G T* , we define 

o_a(7) = o-Ai (l)a-\ 2 (7) 
For p = (p(7)) 7er * 6 V{V*), we define 

7er* 
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It is clear that for a fixed k G Z the elements a_ p ^ q k,p G T-^r*) form a basis of 
Srxcxxcx over C[r ±1 ,s ±l ]. 

Given a partition A = (Ai, A2, . . .) and c 6 T,, we define 

a_ A (c®rV) = r- fc l A l S -'l A la_ Al (c)a_ A2 (c)..., 



For any p = (p(c)) c£ r, G ^(r*) and fc G Z, we define 

«w S '=^ feliplis " i|ip " n^w- 

cer, 

It follows from Proposition 15.11 that 

cer, i>i 

where p, a G Note that S(a'_ p ^ rksl ) = a'_ mr -k s -i, where we recall that 

p G P(r») is the partition- valued function given by c 1— > p(c _1 ), c G T. 

6. The characteristic map as an isometry 

6.1. The characteristic map ch. Let $ : T n — > Srxc x xc x be the map 

defined by &(x) = a'_ if x G r„ is of type p. 

We define a C-linear map c/i : i?r x cx x cx — > Sr x c x xC x by letting 

cfc(/) = (/,*>r B 

(6.1) = £ ^(/OOV-,. 

pe-P(r») 

where /(p) G C[r ±:L , s ±: ] is the value of / at the elements of type p. The map ch is 
called the characteristic map. This generalizes the definition of the characteristic 
map in the classical setting (cf. [Ml IFJWll IFJW2j ). 

The space SrxC x xC x can a l so be interpreted as follows. The element a_ n (7), n > 
0, 7 G T* is identified as the n-th power sum in a sequence of variables y g = (j/i-y )i>i - 
By the commutativity among a_ n (7) (7 G T*,n > 0) and dimension counting it 
is clear that the space <Sr x c x xC x is isomorphic with the space Ar of symmetric 
functions indexed by T* tensored with C[r ±1 ,s ±1 ] (cf. |M] ) . 

Denote by c„(c G r*) the conjugacy class in T n of elements (x,q) G r„ such 
that q is an n-cycle and x G c. Denote by a n (c (g) r k s l ) the class function on 
r„ x C x x C x which takes values nQt^ t% (i- e - the order of the centralizer of 
an element in the class c n times £f tj ) on elements in the class c n x t\t2 and 
elsewhere. For p = {rn r (c)} r >i jCe r» G "P n (r*) and k G Z, 

o>i,cer» 

is the class function on T n x C x x C x which takes value Z p t^ nk t^ 2 nl on the conjugacy 
class of type p x t\t 2 and elsewhere. Given 7 G T* and fc, I G Z, we denote by 
0Vi(7 ® »" fe s') the class function on r„xC x xC x which takes values ^(c)^"^"' 
on elements in the class c„ x t\t2{c 6 T,) and elsewhere. 

Lemma 6.1. The map ch sends cr p ^ r k s i to a'_ ^ r h s i- I n particular, it sends 
cr„(7 (g> r k s l ) to a_„(7 <g> r k s l ) in S TxC x xC x • 
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Proof. This is verified by the definition of ch (|6.ip and the character values 
of ct„ defined above. □ 

Proposition 6.2. Given 7 £ T*, the character value of rj n (j (g) r k s l ) on the 
conjugacy class c p of type p = (p(c)) ce r» is given by 



(6.2) »h(7®rV)(c„) = J] 7 (c)^ 



(c)) r nk nl 



cer, 

(\ ^, {-.\„nk„nl 



In particular, we have r] n (-/ <g> r s ) = rj n {^)r s 

Proof. We first let (g, a) be an element of T n such that a is a cycle of length 
n, say cr = (12 • • ■ n). Let {e^} be a basis of V, and 7 ® r fc s' is afforded by the 
action: (h,t)ej = J7 Cij(h)t k ei, where /i E T. We then have 

(5, fi, £).(&,! <g> ej 2 ® • • • <8 ej n ) 

= (gi,t) e jn ® (92,t)e jl (g) • • • (g) {g n ,t)e jn _ 1 

= ^ t kric injn(9i)ciijt(92) ■ ■ ■ c in _ 1Jn _ 1 (g n )e in ®e l% ■ ■ ■ ® e iri _ l . 

ii ,...,i n 

It follows that 

ri n (i ®r k s l )(c p ,t) = trace (3, cr, t) 

X! * fe ™ c JUn (5i) c iaii (52) • • • c 3n3n _ 1 (g n ) 

= trace t kn a{g n )a(g n -i) .. .a(gi) 
= trace i fc "a(<?n<?n-l ...gi) = j(c)r kn s ln (t). 
Given 1 x 1/ 6 T„ where x E r r and y E r„_ r , by (|3.5|) we clearly have 
J7 n (7<8>rV)(a; X y,t) = r] n (-f ® r k s l ){x,t)r] n ("f ® r k s l ){y,t). 
This immediately implies the formula. □ 

A similar argument gives that 

(6.3) e„( 7 ® rV)(z, *) = M)" II (-7(c)) i(p(c)) t nfc , 

where x is any element in the conjugacy class of type p = (p(c)) ce r* ■ 
Formula ()6.2() is equivalent to the following: 

(6.4) Vn(7®r k s l ){c p ,t)= ^(7 ® rV)(c, f )™^ c ». 

cer, t>i 

The following result allows us to extend the map from 7 E T* to R(T n ). 
Proposition 6.3. For any 7 E R(T), we have 

(6.5) Yl ch (^(l ® rV))z" = exp( £ i a- n (j)(r~ k s~ l z) n J , 

n>0 \n>l / 

(6.6) £ cfc(e n (7 ® rV))z" = expj ^(-1)™"^ a_ n ( 7 )(r- fc S -^)« ) . 

n>0 \n>l / 
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Proof. It follows from definition of ch (flTTj) and (I6T4|) that 
^]cli(r ?n (7(g)r fe s i ))z" 

n>0 

= E V II n^^(cr Wc)) )a_ p(c) z"""r^llHl s -'llpll 
p cer, i>i 

= E^ i n^ c ) Kp(c))a -p( C )(^^^) |ip " 

p cer» 

= II (E(C 1 7( C ))' (A) ^ 1 «-A(c)(r- fc S -'z)^l 



r k s - l z) n 



= CX P(E Z E Cc 1 7(c)a_„(c)( 
\n>l cer* 

= e X p(^-a_ n ( 7 )(r- fc S -^)"J. 

\n>l " / 

Similarly we can prove (|6.6[) using the following identity 

£ „(7®^ s ')(x) = (-i)"nn(-v s -wr Wc) » 

= (-rV) n ]J Yl(-l(c)) mdp{c)) 

cer, i>i 

= e n ( 7 )(x)r nk s nl . 

The same argument as in the classical case (cf. [F JW1), IFJW2) ) by using 
p.6p and (|3.7p will show that the proposition holds for linear combination of simple 
characters such as 7 ® r fc s ( — (3 ® q k , and thus it is true for any element 7 ® r fc s', 
where 7 € i?(r). □ 

Comparing components we obtain 

ch(77„( 7 <g> r* 'a 1 )) = a_ A (7), 

a Zx 

r —kn —In 

ch( £ „( 7 ®rV)) = V- f_(_l)W-KA) a ( 7) 

a z * 

where the sum runs over all partitions A of n. 

COROLLARY 6.4. The formula (|6.4|) remains valid when 7 ® r^s' is replaced 
by any element £ £ R(T x C x ). In particular f?„(£) is self-dual provided that £ is 
invariant under the antipode S. 

6.2. Isometry between i?rxC x xC x anf l <SrxC x xC x • The symmetric algebra 
Srxcx xC x = &r ®C[r ±:L , s ±:L ] has the following Hopf algebra structure over C. The 
multiplication is the usual one, and the comultiplication is given by 

A(rV) = r k s l <g) r k s l 

A(a„(7 <g> r k s 1 )) = a„(7 ® rV) <8> j- nfe s n ' + r nfc s" z ® a„(7 <8> rV), 
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where 7 G L*. The last formula is equivalent to the following: 

(6.7) A(a n (c®r k s 1 )) = a n (c ® r k s l ) ® r nk s nl + r nk s nl ® a n (c ® r fe s ; ) , 
where ceT,. The antipode is given by 

S(rV) =A fc , 
S(o„(7 (8) rV)) = -o„(7 ® r's fc ) 
The antipode commutes with the adjoint (dual) map *: 

(6.8) * 2 = S 2 = Id, S* = *S. 

Recall that we have defined a Hopf algebra structure on R rx £x x px in Sect. [U 

Proposition 6.5. The characteristic map ch : -RrxC x xC x — y <Srxc x xC x * s 
an isomorphism of Hopf algebras. 

Proof. It follows immediately from the definition of the comultiplication in 
the both Hopf algebras (cf. {23]) and fBTf])). □ 

Recall that we have defined a bilinear form ( , }j on -RrxC x xC x an d a bilinear 
form on >S'rxC x xC x denoted by ( , where £ is a self-dual class function. The 
following lemma is immediate from our definition of ( , }^ and the comultiplication 
A. 

Lemma 6.6. The bilinear form ( , }^ on <SrxC x xC x can be characterized by the 
following two properties: 

r*, fei, fe, Zi,?2 e z. 

,3j. (fg,h)^ = (f (E) g, Ah}^, where f,g,h G "Srxc x xc x > an d ^ e bilinear form 
on 5 rxC x xc x ® »Srxc x xc x , induced from ( , ) £ on S rxC x xC x . 

Theorem 6.7. The characteristic map is an isometry from the space 
(i?rxc x xc x ,( , )e) to the space (S rxC x xC *, ( , )£). 

Proof. By Corollarv l6.41 the character value of 7y„(£) at an element x of type 

p is 

»fe(oo»o= n n^( c ) mi(p(c)) - 

cer» t>i 

Thus it follows from definition that 

/ie-p„(r„) 

cer» i>i 

By Lemma 16.11 and the formula (|5.6[) , we see that 

(°~p®r k i s'l i °~p'®r k 2s l 2)i — { a ~ p®r k is'i j a — p'®r fc 2s ! 2 )j = ( c h( (7 p(8r fc i s'l ) J ch((Tp/ ,g r fc2 s ! 2 ))^ ■ 

Since a p ^ r h s i,p G T^F*) form a C-basis of i?rxC x xC x i we have shown that ch : 
•RrxC x xc x — ► Srxcx xC x is an isometry. □ 

From now on we will not distinguish the bilinear form ( , )j on i?pxC x xC x from 
the bilinear form (, )^ on 5rxc x xC x - 
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7. Two-parameter quantum vertex operators and i?rxc x xc x 

7.1. Two-parameter vertex operators and Heisenberg algebras in 

J-p xC x x£ x . Let IK = Q(r, s) denote a field of rational functions with two-parameters 
r, s (r ^ ±s). Let Q be an integral lattice with basis c^, i = 0, 1, . . . , n— 1 endowed 
with a symmetric bilinear form. We fix a 2-cocyclc e : Q x Q — ► K x has the 
following properties: 

e(a + /3, 7 )=e(a, /3)e(/3, 7 ), 
e(a, /? + 7 ) = /3)e(a, 7) 

We construct such a cocycle directly by 

{(-riSi)T 2 ", i>j; 
(rs)i, i = j; 
1, i < j. 

Let £ be a self-dual virtual character in i?rxC x xC x - Recall that the lattice 
.Rz(r) is a Z- lattice under the bilinear form ( , )|, here the superscript means 
r = ,s _1 = 1. For our purpose we will always associate a 2-cocycle e as in the 
previous subsection to the integral lattice (i?z(F), ( , )|) (and its sublatticcs). 

Let C[i?z(r)] be the group algebra generated by e 7 , 7 6 i?z(F). We introduce 
two special operators acting on C[i?z(F)]: A (e- twisted) multiplication operator e a 
defined by 

e a .e f} = e(a,(3)e a+l3 , a,0eR z (T), 
and a differentiation operator d a given by 

d a e? = (a,0)\e p , a,/3ei? z (r). 

These two operators are then extended linearly to the space 

(7.1) •? r rxc x xc x =-Rrxc x xC x <8>C[i?z(r)] 

by letting them act on the i?rxC x xC x P ar t trivially. 

We define the Hopf algebra structure on C[i?z(r)] and extend the Hopf algebra 
structure from i?rxc x xC x to Jpxc x xC xas follows. 

A(e Q ) = e Q ®e Q , S(e a ) = e~ a . 

The bilinear form ( , on i?rxc x xC x is extended to f rxC x xC x by 

With respect to this extended bilinear form we have the *-action (adjoint ac- 
tion) on the operators e" and d a : 

(7.2) (e a )*=e- a , {z d «)*=z- d ~. 

For each k G Z, we introduce the group theoretic operators 
H± n ('f <8> r k s l ), E± n (j (g) r k s l ),j £ R(T),n > as the following compositions of 
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maps: 



ff_ n ( 7 <g> rV) : i?(r m xC x xC x )"" t7 ^^i?(r„xC x xC x )®i?(r m xC x xC >< ) 
Ind ^ R{Tn+mXC x xCX) 

E- n {j®r k s l ) : i?(r m xC x xC x ) £ " (7 ^ sl) ^i?(r„xC x xC x )®i?(r m xC x xC x ) 

^ tx i?(r„ +m xc x xc x ) 

£„( 7 ®rV) : i?(r m xC x xC x ) ^ R(T n ) ® R(T m _ n x C x x C x ) 

W78 i' Wf ii(r m _„xc x xc x ) 

H„(7®r fc s') : i?(r m xC x xC x ) ^> R(T n ) ® R(T m _ n x C x x C x ) 

^(T^M, fl(rm _ BxC x xC x )i 

where i?es and /nci are the restriction and induction functors in Rp = ®„> ^(r n )- 
We introduce their generating functions in a formal variable z: 

H±{-y®r k s l ,z) = ^H^ n (~t®r k s l )z ±n , 

n>0 

E ± ( 7 ®r k s l ,z) = Y. E ^(n®r k s l )(-z) ±n . 

n>0 

We now define the vertex operators Y^(j <g> r k s l ,a,b) , 7 G T* , k,l,a,b G Z, 
n G Z + (7, 7)|/2 as follows. 

y+( 7 ®r fe s / ,a,6,z) = ^ Y+( 7 ® r fe s', a, fe^-"-^/ 2 

neZ+( 7 ,7>i/2 

(7.3) = H+( 7 <g> r k s\ z)£_( 7 ® r fc - a s'- fc , ^(r^s^z)^ , 

Y~(j ®r k s\a,b,z) = (Y + (7 ® r k s l ,a,b, z^ 1 ))* 

J2 Y-{~t®r k s l ,a,b)z- n -^^y 2 



^+<7,7>J/2 

(7.4) = E+(j ® r fe - a s'- fc , z)H_( 7 ® r fe s', z)e^(r- fe s-'z)-^. 

One easily sees that the operators ^(7 ® r k s l ,a, b) are well-defined operators 
acting on the space ^rxC x xc x • 

We extend the Z + -gradation on i?rxc x xc x to a |(7, 7)| + Z + -gradation on 
•TTxexxCx by letting 



deg a_„ (7 ®r fe s') = n, dege 7 = ^(7, 



We denote by i?rxc x xc x the subalgebra of i?rxC x xC x excluding the generators 
a n(7o), n £ Z x . The bilinear form ( , )j on 

•^"rxcxxcx =-Rrxc x xC x ®-Rz(r) 
will be the restriction of ( , )j on J^rxc x xC x to .F rxC x xc x • 
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We define a_„(7 g) r k s l ),n > to be a map from i?rxC x xC x to itself by the 
following composition 

i?(r m xc x xc x ) CT " (7 ^! si) ®i?(r n xc x xc x )®i?(r m xc x xc x ) 

^ cx i?(r n+m xc x xc x ). 

We also define a n (j ® r k s l ),n > to be a map from -RrxC x xC x to itself as the 
composition 

i?(r m xc x xc x ) i ^ 1 i?(r„xc x xc x ) ®i?(r m _„ x c x x c x ) 

[ ^ e fl(r m „ n xc x xc x ). 

Proposition 7.1. The operators a n (j), 7 e r*,ra e Z x satisfy the Heisenberg 
ra relations \5.1\) with C = 1. 



Proof. This is similarly proved as for the classical setting in [Wj . □ 

7.2. Group theoretic interpretation of vertex operators. To compare 
the vertex operators 5 A± (7 <S> q k , a, b, z) with the familiar vertex operators acting in 
the Fock space we introduce the space 

^TxC x xC x =<SrxC x xC x ® C[i?z(r)]. 
We extend the bilinear form ( , )^' s in ^rxc^cx to the space ^rxC x xc x an d 
also extend the Z + -gradation on Sr x c x xC x to a ^Z + -gradation on Vp- 
We extend the characteristic map to the map 

ch : J 7 rxC x xC x — > 1t x cx xC x 

by identity on R%(T). Then Proposition 16.51 and Theorem 16.71 imply that we have 
an isometric isomorphism of Hopf algebras. We can now identify the operators 
from the previous subsections with the operators constructed from the Heisenberg 
algebra. 



Theorem 7.2. For any 7 <E R(T) and k e Z, we have 



(7.5) 



cA(zr + ( 7 ®rV,*0) = exp^i a _ I1 ( 7 )(r- fe s -'z)"Y 
(7.6) ch(E + (' Y ®r k s l ,z)) = exp(-Y / -a-nh)(r- k s- l z)A, 



n 

n>l 



(7.7) 



ch(H-(~f®r k s\z)) = ex P (^ia n (7)(r- fc S -^)-«) 
(7.8) c^-ELfrar** 1 ,*)) = exp ( - ^ i a n {-y){r- k s~ l z)~ 



x n>l 

Proof. The first and second identities were essentially established in Propo- 
sition together with Lcmma l6.11 where the components are viewed as operators 
acting on i?rxc x xC x or SrxC x xC x • Note that a„(7 ® r k s l ) — a n (j)r kn s ln . 

We observe from definition that the adjoint *-action of E+(j <8> r k s l ,z) and 
-ff-(7 ® r k s l ,z) with respect to the bilinear form ( , ) r ^' s are E^(j ® r fe s',z _1 ) 
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and H- (^®r k s l : z v ) respectively. The third and fourth identities are obtained by 
applying the adjoint action * to the first two identities. □ 

Remark 7.3. Replacing 7 by —7 in (|7.5[) and (|7.7p we obtain the equivalent 
formulas (|7.6[) and (|7.8p respectively. 

Applying the characteristic map to the vertex operators Y^ify, a, b, z), we ob- 
tain the following group theoretical explanation of vertex operators acting on the 
Fock space f r xC«xC=<- 

Theorem 7.4. For any 7 e i? r and k G Z, we have 
K+( 7> a,M) 



= ex p(X -^ a -n{l)z n J expf-^ ~ a ™(7) 

^n>l ' ^ n>l 

= cft( J ff+(7, z))ch{S{H+{^ ® r a s b , aT 1 )*))^*®', 



y (7, a, 6, z) 

= exp (- X) " a-™(7)r a " S 6n 2 n ) exp " ^(7)^") e" 7 ^ 
^ n>l ' \i>l 71 ' 

= ch(S(H + (-f $ r a s b , z- 1 )))c/i(i/+( 7 , z)*)e- 7 z-^. 
We note that for 7 e P\ Z £ Z 
(7.9) Y ± (j<g>r k s l ,a,b,z) = Y ± (j, a, b, r^s^z). 

It follows from Theorem 17.41 that 

ch(Y + (j, a, b, z)) = X + (j, a, b, z) 




ch(Y (7, a, b, z)j=X (7, a, b, z) 
= exp(-Y / ^-n(j)r an s bn zA 

^ n>l ' 

xexp[X-««(7)^")e-^- a -. 
g they specialize to the vertex operators Y" (7, fe, z) studied 



When r = s 
in IF.TW2I . 
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Under the new variable (by identifying a,i(n) with a,i(n)) we obtain that 

X + (ji <g> S -\a,b lZ ) 



ex PE 



n>l 



cii(n) 



ai(-n) _ bn 
— r-r^s z- I exp 
N 

X-( lt ®r- a ,k,z) 

V n>l 1 J 7 V n>l 

where [n] is the two-parameter quantum number (|4.1| . 

8. Basic representations and the McKay correspondence 

8.1. Two-parameter quantum toroidal algebras. In this subsection we 
define the two-parameter quantum toroidal algebrast/ r . s (g) of simply laced type 
A, D or E. In particular the two-parameter quantum toroidal algebra contains a 
special subalgebra -the two-parameter quantum affine algebras U rtS (g)(ci. jHRZj ). 

Let (Aij) be the two-parameter quantum Cartan (N + 1) x (N + 1)- Martix(cf. 
[HZl [Z]), For type we have 

\ 



A, 



1 / 

Definition 8.1. The two-parameter quantum toroidal algebra U TjS (§) is an 
associative algebra over K generated by the elements xf(k), aj(ro), uf 1 , ^ ±1 , 
7 ± 5, 7 /± 5, D ±l , D' ±x , (0 < i < N, k, k' 6 Z, to, to' e Z\{0}), subject to the 
following defining relations: 

(Dl) 7 ± ^, 7 ,:t 3 are central with 77' = rs, uJiUJ^ 1 — uijU)'^ 1 = 1 6 I), and 
[atfVf 1 ] = Wf\D^] = [<S±\D**] = [ut\D'^] = 



/ rs 1 


r -i 1 . 


1 


s 


s 


rs" 1 r" 1 


1 


1 


1 


1 1 


rs -1 


r -i 


\ r- 1 


1 1 


s 


rs -1 



(D2) [a,i(m),aj(mf)] = 5 m+m <,o 



(rs)^(A: 



An 2 ) 7 h 



/|m| 



|m|(r — s) 



(D3) [oi(m), w^ 1 ] - [ Oi(m), w'f ] = 0. 

(D4) Dxfi^D- 1 = r k xf(k), D' xf(k) D'^ 1 = s k xf(k), 

DdiimjD- 1 = r m ai(m), D' a^vijD'- 1 = s m ai (m). 



(D5) ^xfik)^ 1 =Afxf(k), u'xfi^uj'r 1 =Afxf(k). 
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(D61) 



■7 ±J 5 t iE^(TO-|-£;), /or to < 0, 



(D6 2 ) 



(D7) 



[ai(m),xf(k)] = ± 



fft t J XV 

(rs)~((rs-')^--(rs- 1 )'^-) 
m(r — s) 

•7 /=t ^a;^(m+A;), /or m > 0, 



^(fc+i)^(fco-4/^( fc/ )^(fc+i) 



(D8) [x+(fc), xT(fe')] 



;• — S V / 

where u>i(m), to) (to G Z>o) with u>j(0) = and ^4(0) = w- are defined by: 

oc oo 

^ w 4 (m)z~ m = iOi exp f(r-s) ^ aj(f)z 



m=0 



£ ^(-™> m = ^ exp (-(r-s) e V) > 



with to) = and <j^(to) = 0, V m > 0. 



(D9i) 
(D9 2 ) 



^(TO)4(fc) = (i,i) ±1 ^ ± (fc) a; f(TO) 



Sym mi ,... mn J2k=o az3 (-l) k (ns 



fe(fe— i) 



1— a< 
fe 



a.„ = 0, 



(mi)---^f (mjfe)^^) 



xxf (TOfe+i) • • ■ xf (to„) = 0, a tJ < 0, < i < i < N, 

(D9 3 ) 

52/m roi ,.. mn EfeZo^- 1 )^)*^ K^'l ^(m x ) • .-if (m k )s 

+ + 
xxf (TOfc+i) • • • xf{m n ) = 0, dij < 0, < i < j < N, 

where Sym denotes symmetrization with respect to the indices (toi, to 2 ), 



[n -%![%! 



and the =p specifies the substitution of parameters r, s by r^, s^. 
The generating functions is defined by: 



fcez 



Remark 8.2. Replacing the index 0<i<Nbyl<i<Nin the above 
definition, we get the corresponding definition for two-parameter quantum affinc 
algebras (cf. [HZllZp. 
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In the case of typr A, the two-parameter quantum toroidal algebra £/ rjS (fl) 
admits a further deformation U r ^ SyK (g). Let (fry) be the skew-symmetric(7V + 1) x 
(N + 1)- matrix 

/ 1 ••• -1 \ 



-1 1 







••• 1 
\ 1 ••• -1 / 

Definition 8.3. Let k be an element of K*. The two-parameter quantum 
toroidal algebra J7 rjSiK (g) is an associative algebra over IK generated by the elements 

xf(k), ai (m), u>?\ iof\ 7 ± 5, 7'^, Df\ D^ 1 , D±\ D' 2 ±l (0 < i < N, k, k' e Z, 
m, m' e Z\{0}, Z, T = 1, 2), subject to the following defining relations: 

(Tl) 7 ± ^, 7 ,± 3 are central with 77' = rs, utiui^ 1 — u'j ^'f 1 = 1 £ I), and 



[wt 1 ,<J i ±1 ] = i«, 3 



,±1 D ,±i 



j >— J J l^i i^l 

,/±l n±ll _ r. .'±1 , .'±1 ' 



[D , , ± \Bf*] = [t 



(T2) [a,i(m),a,j(m')]= 8 m+m > t o 



(T3) 
(T4) 



(rs)^(A^ -A u 2 ) 7 |m| -7 ,|m| J . m6i 



|m|(r — s) 



[ai(rn), c^ 1 ] = [ ai(m), u'f 1 ] = 0. 



r — s 



D lX f(k)D^ =r k xf{k) 1 
D 1 a,i{m) D^ 1 = r m aj(m), 

D 2 xf(k)D 2 1 = r ±5 ™xf(k), D'zxfWD'z- 1 = 

D2 a,(m) D^ 1 = a,i(m), D' 2 a,(m) 



Diai(m) £>i _1 = s" l a 4 (m) : 

'-1 _ „±<5>o „± 



xf (fc), 

a,(m). 



(T5) 
(T61) 



Wixf{k)^=Afxf{k), J.xfi^J.-^Afxfik). 



[ai(m),xf(k)] = ± 



/ft "-—ij ii 

(rs) — ((r^j- 1 )^— -(rs' 1 )"— 2— ) 
m(r — s) 



■j ±7 2 K mbij xf (m+k) , for to < 0, 



(T62) 



(T7) 



[oi(m),a;^(fe)] = ± 



(rs) 1 ^ 1 ^^- 1 )— 2— -(rs" 1 ) 2—) 

m(r — s) 

K mbii xf(m+k), /or m > 0, 



(T8) [ x+(fc), arT (fc') ] = ( 7 '- fe - 7 fc ' 7'^ , 
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where u>i(m), m) (to £ Z>o) with Wj(0) = cj, and w^(0) = w- are defined by: 

oo oc 

^ Wi(m)z~ m = exp f(r-s) a^z - ^ ; 

m=0 £=1 
oo oo 

]T ^(-™)^ m = 4 exp (-(r-s) J] Oi(-O^) . 

ro=Q £=1 

with LUi(-m) = and o^(to) = 0, V to > 0. 

(T9i) if (m)i±(fc) = (j,i) ±1 x±(fc)x±(TO), ay = 0, 

(T9 2 ) 

Sym mx ,.. mn ElZl'^i-^Hnsif^ I 1 -?'] if (mi) • • -if (TO fc )xf m 



Xif (mfc+i) • • • xf(m n ) = 0, a,ij < 0, < j < i < N, 



(T9 3 ) 

Sym mu ... mn EfeZo^^C-l)"^^)^^ ['T 3 ] K) • • - if (m fc )xf W 
xxf (m fc+ i) • • ■ xf (m„) = 0, a y < 0, < i < j < AT. 

Sym denotes symmetrization with respect to the indices (toi, 7712). 

Remark 8.4. Assume that r — s^ 1 — q, U r ^ S:K (jsf) is the one-parameter quan- 
tum toroidal algebras U q>K (g) (cf. [GKVL |VV]). 

8.2. A new form of McKay correspondence. In this subsection we let T 
to be a finite subgroup of SU2 and consider two distinguished choices of the class 
function £ in R rx c>< xc x introduced in Sect. 14.21 

First we consider 

£ = 7o ® ((rs- 1 )? + (r -1 s)*) - Trig) l c >c, 

where 7r is the character of the two-dimensional natural representation of F in ST/2. 

The Heisenberg algebra in this case has the following relations (cf. Prop. 15.11 
and (|43)) ). 

, a1 s r / s f m /TO^ m ,_„((rs- 1 )T + ( r - 1 s)T)C, i = j 

(8.1) [a m (7i).a„(7j)J = < x 1 „ 

ymbm.-naljC, i^j 

where aL are the entries of the affine Cartan matrix of ADE type (see (|3.4|) at 
d = 2). 

Recall that the matrix A 1 ' 1 = ((7i,7j}|) = (a*ij)o<i,j<N is the Cartan matrix 
for the corresponding affine Lie algebra [Mcj . In particular = 2; aL = or — 1 
when i j and F 7^ Z/2Z. In the case of T = Z/2Z, aJi = a} = —2. Let g (resp. 
§) be the corresponding simple Lie algebra (resp. affine Lie algebra ) associated to 
the Cartan matrix (ajj)i<i,j<N (resp. A). Note that the lattice Rz(T) is even in 
this case. 
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We define the normal ordered product of vertex operators as follows. 

:Y+( 7i ,a,b,z)Y+( 7j ,a',b',w) : 
=H+{ lt , z)H{ 1]lW )S{H + { lt ® r a s b , »- 1 )*fl+( 7j ® r a V , liT 1 )*) 

■ Y + (j i ,a,b,z)Y^('y :j ,a',b',w) : 
=H + { ll ,z)H{- 1] ®r b ' s a \w)S{H + { ll ®r a s b ,z- 1 )*H + {- 1] ®r a ' s b ' ^w- 1 )*) 
x e^^V^urV 

Other normal ordered products are defined similarly. 

The identities in the following theorems are understood as usual by means of 
correlation functions (cf. e.g. [FJlUTl iHZl IZ] ) . 

Theorem 8.5. Let £ = 70 ® ((rs -1 )^ + (r _1 s)5) — tt ® l Cx . T/ien ifte ver- 
tex operators K ± (7j, a, 6, z), 7j, a, b, z), 7, 6 G Z acting on the group 
theoretically defined Fock space ^rxC x xC x satisfy the following relations. 

Y+i^, a, b, S - b z)Y + { ll ,a 1 b, s -6 io) 

= e (7 4l 7j) ■■Y + (j i ,a,b,s~ b z)Y + (j j ,a,b,s~ b w) : 

( 1 (7i,7i>! = ° 

x <^ (z - r^s-'w)- 1 (7 l ,7 J )| = -l, 



Y-( lu a,b,r- a z)Y-( l3 ,a,b,r- a w) 

= e(7 l; 7j) _1 ■Y-(-f i ,a 1 b,r- a z)Y~(-f 3 ,a,b,r- a w) : 

xl (z^r a s b w)- 1 (7i»7,-)c = - 1 ' 

[ (z — r a s b (rs~ 1 ) !!o)(z — r a s b (r~ 1 s) 2 iu) (7^,7^)^ = 2 



y+( 7i , a, 6, s- b z)Y-( 7j , a, b, r~ a w) 

= e (7»:7j) : Y + (ji,a, b, s~ b z)Y~('y : j,a, b,r~ a w) 

1 

(z — r~ a s b w) 
(z — r~ a s b (rs~ 1 )^w)(z — r~ a s b (r~ 1 s)iw) 



<7i,7i>{ = 
(7i 5 7i)| = -1 
(7i,7j>c = 2 



Y-( ll ,a,b,r- a z)Y+( lj ,a,b,s- b w) 

f 1 (7i,7i)e = 

x<^ (z-r a S ~ b W ) ( 7i ,7 3 .)| = -l , 
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K+(- 7i , -a, -b, s- b z)Y+{- 1] , -a, -b, S - b w) 

= e (li,Jj) ■■Y + (-j i ,-a,-b,s- b z)Y + (-j j ,-a,-b,s~ b w) : 

1 (7i,7i)| = 

(2- _ r-ag-fcu,)-! ^ ( 7 . )7j )l = _l 

(z — r~ a s~ b (r s^ 1 )? w)(z — r~ a s~ b (r^ 1 s)? w) = 2 

y-(-7<, -a, -6, r" a z)F+(- 7j , -a, -6, r"» 

1 (7i,7i)| = 

(2-rVyr 1 (7i,7»>£ = -1 , 



x 



r+(- 7i , -a, -6, s- 6 z)y-(- 7j , -a, -&,r~V) 

= e (7t)7i) : Y+ {-li,-a,-b,s~ b z)Y~(-'y j ,-a,-b,r~ a >w) : 

f 1 (7i,7i>e = 

x<^ (z-r-« 6 «;) { 7 ,, 7i )i = -l , 

[ (z-r a s l, (rs- 1 )5w)(z-r a s''(r- 1 s)5w) (7i,7j>£ = 2 

y- (- 7l , -a, -6, r- Q z)y+(- 7j , -a, -6, s- b w) 

= e(li,7j)~ 1 ■Y-(--f l ,-a,-b,r- a z)Y + (-j 1 ,-a,-b,s- b w) : 
f 1 <7i,7i>c = ° 

[ (z — r a s~ b (rs~ 1 )2w)(z ~ r a s~ b (r~ 1 s)2w) (7i)7j)| = 2 

Remark 8.6. Replacing the vertex operator by X ± via the characteris- 
tic map ch in the above formulas, we get the corresponding formulas for vertex 
operators -X" (7, a, b, z) acting on Vpxc x xc x ■ 

Now we consider the second distinguished class function 

C' S,K = 7o ® ((rs^ 1 )^ + (r _1 s)5) - (71 <g> k + 7 r ® kT 1 ), 

when r is a cyclic group of order iV + 1. 

In this case the Heisenberg algebra (|5.3|) has the following relations according 
to Prop. O 



m<5 mi _ n ((ra- 1 )T + (r-^T^^C, i = j 
m<5 rrt _ n aJ,K m6 «(7, j^j 



(8.2) [0m(7t))ffln(7i)] = 

where ajj are the entries of the affine Cartan matrix of type A and r > 2. This is 
the same Heisenberg subalgebra (c = 1) in l/ r a (fl) provided that we identify 

Oi(n) = —a-nili)- 
n 
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Recall that (bij ) is the skew-symmetric matrix. We need to slightly modify the 
definition of the middle term in the vertex operators. For each i = 0,1, ... ,N we 
define the modified operator z 9 f>« on the group algebra C[i?z(r)] by 



where (5 = Y,j m jlj € -Rz(r). 

We then replace the operator z n in the definition of the vertex operators 
Y ± (pi i , a, b, z) by the operator z ±i9 t;> k . The formulas in Theorems 17.41 remain true 
after the term z ±d appearing in the formulas are modified accordingly. 

The proof of the following theorem is similar to that of Theorem 18.51 

Theorem 8.7. Let T be a cyclic group of order r + 1 and let £ r > s > K = j ® 
((rs _1 )2 + (r _1 s)2) — ("yj ® k + 7 r (g) k" 1 ),. The vertex operators K (7i,a, &, z) 
and Y^(—ji,a,b,z),ji £ T* acting on the group theoretically defined Fock space 
•^rxCxC satisfy the following relations. 



(8.3) 



Y+( lu a, b, s- b z)Y+{ lj ,a, b, s- b w) 

= e(7i,7j) : F + (7i, a, 6, s _h z)y + (7 J , a, 6, s _f, w) : 




(7i,7i)| = ° 
(7i.7i>t = ~ 
(7^,7^ = 2 



1 



y {ji,a,b,r a z)Y (jj,a,b,r a w) 




(7i,7,-)c = ° 
(7i,7j)| = -1 , 
(7i,7i)| = 2 



y+( 7i , a, 6, S - b z)y-( 7j , a, 6, r~ a w) 

= e (7»:7j) : y + (7i)M,s _ V)y _ (7j,a,6,r _a u;) 



X< K 2 bij (z — V a S b K bij w) 



(7i,7i>| = ° 
(7i,7;>! = -l 
(7i,7j)c = 2 



y-(7. 1 ,a,&,r- a z)y+( 7j ,a,6, S - b W ) 

= e(7»,7j) _1 : ^"(7i, a, 6, r- a z)y+( 7i , a, b, s- b w) : 








2 



1 
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Y + {-ji, -a, -b, s~ b z)Y + {~j J , -a, -b, s- b w) 

= e (7»,7j) : Y + (-^,-a,-b, s~ b z)Y + (--y :} ,-a,-b, s~ b w) : 

1 (7i,7i>| = ° 

(z - r- a s- b (rs- 1 )^w)(z - r- a s- b (r- 1 s)iw) (7i,7j)| = 2 

r-(-7i, -a, -6, r- Q z)y+(- 7j , -a, -6, r- a u-) 

= e( 7 i,7i)" 1 :^"(-7i,-a ! -&,'"-^)F + (-7 J -,-a,-6 ) r- W ;) : 

1 (7i,7i>£ = ° 

K ~2 bi i [z — r a s b n bij w)' 1 ( 7 j, 7 j)| = — 1 , 

(z — r a s b (rs~ 1 )2w)(z — r a s b (r~ 1 s) 3 w) — 2 

r+(- 7i , -a, -6, S - 6 z)y-(- 7 ,, -a, -&,r~» 

= e (7»:7j) : y + (-7i7- a J - & I s_bz )^ _ (-7j7- a 1 - & I r_a ' ( «) : 

1 {7i,7i)| = ° 

K _ 2 h »j(z — r~ a s b n bi iw) (7i)7i)| = — 1 i 

(z — r~ a s b (rs^ 1 )? w)(z — r~ a s b (r~ 1 s)zw) = 2 

Y- (- 7 „ -a, -6, r- a z)Y+(- ll , -a, -b, S - b w) 

= ^(li,7j)~ 1 ■Y-{- lu -a,-b,r- a z)Y + {- l3 ,-a,-b,s- b w) : 

1 (7i,7i>| = 

K~2 bi i (z — r a S~ b K bi iw) (7j, 7j')| = — 1 , 

(z — r a s _b (rs _1 ) 2U!)(z — r°s (r s) 210) = 2 

Remark 8.8. Replacing the vertex operators y ± by X ± via the characteristic 
map c/i we obtain the corresponding results on the space V^xC* xC x ■ 

8.3. Quantum vertex representations of U r . s (g). For each i = 0, . . . , N 

let 



— 1 \ N f \ 
a.^n) = — a„( 7i ). 
n 



It follows from (EH) and El that 



, a r~, \ ~ f \] X ( rS ) 2 " [ TO <7»,7j)|] r . 

(8.4) [ai(m),Oj(n)J = o m .-n — [m\. 

According to McKay, the bilinear form (7i,7j)t is exactly the same as the invariant 
form ( I ) of the root lattice of the affine Lie algebra g. This implies that the 
commutation relations (T2) are exactly the commutation relations (|8.4j) of the 
Heisenberg algebra in U riS (g) if we identify a.i(n) with ai{n). Thus the Fock space 
Sr X £x x c x is a level one representation for the Heisenberg subalgebra in U r _ s (g). 

The following theorem gives a g-deformation of the new form of McKay corre- 
spondence in [?] and provides a direct connection from a finite subgroup T of SU2 
to the quantum toroidal algebra U r , s (g) of ADE type. 
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Theorem 8.9. Given a finite subgroup V of SU2, each of the following corre- 
spondence gives a vertex representation of the quantum toroidal algebra U rj s (g) on 
the Fock space ^rxC x xC x 

xf(n) 

Xi(ri) 

Oi(m) 

a l (m) 
7 

or 

xf(ri) 
x~(n) 
ai(m) 

a l {m) 

7 

where i = 0, . . . , N, and m € Z. 

Remark 8.10. Replacing by in the above theorem, we obtain a vertex 
representation of U riS (g) in the space Vr x c x xC x ■ 

According to McKay, the bilinear form (7i,7j)| is exactly the same as the 
invariant form ( | ) of the root lattice of the affine Lie algebra g. Thus the Fock 
space 5r x c x xC x is a level one representation for the Heisenberg subalgebra in 

Denote by S^xC* the symmetric algebra generated by <z_ n (7j), n > 0, i = 
1, . . . , N over C[r ±:L , s ], >StxC x is isometric to i?rxC x xC x • 
We define 

•? r rxcxxc x = -Rrxcxxcx <8>C[i?z(T)] = Srxc* ® C[i? z (r)]. 

The space Vr x c x xC x associated to the lattice i?z(T) is isomorphic to the tensor 
product of the space i?r x c x xc x anc l -Rz(r) as well as the space associated to the 
rank 1 lattice Zao- 

The following theorem gives the new form of McKay correspondence in [FJW2] 
for two-parameter case and provides a direct connection from a finite subgroup T 
of SU2 to the two-parameter quantum affine algebra U ryS (sl n ). 



1 1 



) O )' 



2' 2' 



rn 

— I — m 



m 

r, 7' 



a m (ji), for to > 0; 



Y n (-7i®* 6 i---- 



I b 

2' 2' 

1 1, 



o m (7i), /or to > 0; 



-771 



771 

r, 7' 



0m(7»)) / or m < 0; 

* s; 
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Theorem 8.11. Given a finite subgroup T of SU%, each of the following corre- 
spondence gives the basic representation of the two-parameter quantum affine alge- 
bra U r _ s (sl n ) on the Fock space FrxC x xC x ■' 

x-{n) — -^Y-{ lt ®r a ^, -i), 

\jTi\ 

ai{m) — > a m ( 7i ), for to > 0; 

to 

— [ — 

a l (m) — > a m (ji), for m < 0; 

to 

7 — v r, i — ► s; 

or 

x+(n) -^y n -(- 7l ® s fc ,-I I), 
ai(m) — > a m (7i), /or m > 0; 

TO 

— [—to] 

a,(TOj — ► a m ( 7i ), /or m < 0; 

TO 

7 — > r, 7' > s; 

where i = 1, . . . ,N. 

Remark 8.12. Replacing by X 1 * 1 in the above theorem, we obtain a vertex 
representation of U r , s (sl n ) in the space V^ x c x xC x ■ 
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